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, (VOA) $V$ Griess $B$
VOA , $V^{\mathfrak{h}}$
Griess $B^{\mathfrak{h}}$ l Griess-Conway ,
Norton [No] $B^{\mathfrak{h}}$
$R_{a}$ : $B^{\mathfrak{h}}arrow B^{\mathfrak{h}},$ $x\mapsto ax(=xa)$




$V$ , 5 $m$
, $V$ Aut $V$ $V^{\mathrm{A}\mathrm{u}\mathrm{t}V}$ $2m$
, 1 $R_{a_{1}}\cdots R_{a_{m}}$
$V$ VOA
$C_{2}$- , VOA 1
( ) 24
, $V$ Virasoro $n$ 1
1 $n$ , 12








+114 Sym $(a_{1}|a_{2}|a_{3})(a_{4}|\omega)+52$ Sym $(a_{1}|a_{2})(a_{3}|a_{4})$






$+14(a_{1}|\omega)(a_{2}|\omega)(a_{3}|\omega)(a_{4}|\omega)(a_{5}|\omega)+52(a_{1}, a_{2}, a_{3}, a_{4}, a_{5})$
$(a_{i}|a_{j}|a_{k})$ $(a:a_{j}|a_{k})=(a_{i}|a_{j}a_{k})$ , Sym ,
Cyc $m=5$
5 , VOA ,
$(a_{1}, a_{2}, a_{3}, a_{4}, a_{5})1= \frac{1}{5!}\sum_{\sigma\in S_{5}}(-1)^{\ell(\sigma)}\sigma(a_{1(3)}a_{2(2)}a_{3(1)}a_{4(0)}a_{5})$






















, $V=\oplus V^{n}n=0\infty$ (1.1)
$V^{0}$ 1 $V^{1}$
VOA [FLM],[MaN] ,
Borcherds (Cauchy-Jacobi ) :
$\sum_{i=0}^{\infty}(\begin{array}{l}pi\end{array})(a_{(r+i)}b)_{(p+q-i)}=\sum_{i=0}^{\infty}(-1)^{r}(\begin{array}{l}ri\end{array})(a_{(p+r-i)}b_{(q+i)}-(-1)^{r}b_{(q+r-i)}a_{(p+i))}$ (1.2)
$a,$ $b,$ $c\in V$ $p,$ $q$ , ” VOA
2 $\omega\in V^{2}$ , Ln=\mbox{\boldmath $\omega$}0+
Virasoro :
$[L_{m}, L_{n}]=(m-n)L_{\dot{m}+n}+ \frac{m^{3}-m}{12}\delta_{m+n,0^{\mathrm{C}}}$ (1.3)
$c$ VOA $V$ $L_{0}$
, $V$ $L_{0}$
, 2 $B=V^{2}$ ,
$ab=a(1)b$, $(a|b)1=a(3)b$ (1.4)
( )
VOA $V$ Griess ,
$V^{\mathfrak{h}}$ Griess $B^{\mathfrak{h}}$ | Griess-Conway ,
$B$ $a$
$R_{a}$ : $Barrow B,$ $x\mapsto xa(=ax)$ (1.5)
VOA $V$ $(|)$ $\overline{\in}\mathrm{f}2\text{ }$
$(1|1)=1$ $B$ $(|)$ $V$
( , $i\neq j$ $(V^{i}|V^{j})=0$ , $L_{1}a=0$ $a\in V^{m}$
$(a(n)u|v)=(-1)^{m}(u|a(2m-2-n)v)$ , $(u, v\in V)$ (1.6)
, $a\in B$ $(a(n)u|v)=(u|a_{(2-n)}v)$
2. [Li] $\dim V^{0}=1,$ $\dim V^{1}=0$
111
2 $S^{n}$
VOA $V$ $\omega$ Virasoro $Ln=\omega(n+1)$ $V$
Virasoro 1 Virasoro $\ovalbox{\tt\small REJECT}$
VOA $n\geq-1$ $L_{n}1=0$
$M(c, \mathrm{O})/M(c, 1)arrow V_{u\prime}arrow L(c, 0)$ (2.1)
$M(c, h)$ $c$ , $h$ Verma
, $L(c, h)$ $M(c, \mathrm{O})/M(c, 1)$







$D_{n}(c)\neq 0$ (2.1) $n$ , $V_{\omega}^{\leq n}$
$(M(c, \mathrm{O})/M(c, 1))^{\leq n}$ $D_{n}(c)\neq 0$
$n\leq 11$ , $c=0,1/2$ ,
-46/3, -3/5, -22/5, -68/7, -232/11






21VOA $V$ $S^{n}$ 3 Aut $V$ V\leq n n
$V$ $S^{n}$ (2.3) $n$
Aut $V$ $V_{\omega}^{\leq n}$ $V^{\leq n}$
Virasoro $L(c, 0)$ VOA $L(c, 0)_{\omega}=$
$L(c, 0)$ $S^{\infty}$ VOA Griess 1
$d=\dim B\geq 2$
3. $\mathrm{C}^{n}$ $S$ Symmetry
112




$c$ VOA $V$ Griess $B$ , $d=\dim B$ $(|)$
$B$ $\{x_{1}, \ldots , x_{d}\}$ , $(|)$
$\{x^{1}, \ldots, x^{d}\}$ Einstein , $i$
$i=1,$ $\ldots,$ $d$ $(x_{(3)}^{i}a)_{(-1)}x_{i}=(x^{i}|a)x_{i}=a$
,
1Y $R_{a_{1}}\cdots R_{a_{m}}=(a_{1(1)}\cdots a_{m(1)}x_{i}|x^{i})=(x_{(1)}^{i}a_{m-1(1)}\cdots a_{1(1)}x_{i}|a_{m})$ (3.1)
(1.2) $V$ $(|)$

























$[n_{1}, n_{2}, \ldots, n_{k}]=L_{-n_{1}}L_{-n_{2}}\cdots L_{-n_{k}}1$ $\text{ }$
, $V$ $S^{2}$ , $a$ Griess $B$
(3.1),(3.2), (3.4)
1Y $=(a(1)x^{i}|x_{1}.)=(x_{(1)}^{1}x:|a)= \frac{4d}{c}(a|\omega)$ (3.6)
, $a_{1},$ $a_{2}\in B$
$\mathrm{R}R_{a_{1}}R_{a_{2}}=(a_{1(1)}a_{2(1)}x^{:}|x_{i})=(x_{(1)}^{\iota}a_{1(1)}x:|a_{2})$ (3.7)














, $m=3,4$ $S^{2m}$ VOA Griess $m$
, $m=5$
, $a_{1(3)}a_{2(2)}a_{3(1)}a_{4(0)}a_{5}$ , (1.2)
Griess ,
, 5
$(a_{1}, a_{2}, a_{3}, a_{4}, a_{5})1= \frac{1}{5!}\sum_{\sigma\in S_{5}}(-1)^{\ell(\sigma)}\sigma(a_{1(3)}a_{2(2)}a_{3(1)}a_{4(0)}a_{5})$ (3.11)
$\sigma$ $\{1, \ldots, 5\}$
1VOA $V$ Griess $B$ $m=$
$1,2,3,4$ , $V$ $S^{2m}$ , Tr $R_{a_{1}}\cdots R_{a_{m}}$ , Griess
$V$ $S^{10}$ , $R_{a_{1}}\cdots R_{a_{5}}$ Griess





4 $c$ $d$ $c=24$
$c$ VOA $V$ Griess $B$ , $d=\dim B\geq 2$ $B$ $(|)$
, $B$ ,
VOA $c$ Griess $d$
, $e(1)e=2e$ $e$ $B$ (idempotent)





4.1 $e\in B$ $\varphi(e)\in V$
$a_{1},$ $a_{2}\in B,$ $m\in \mathbb{Z}$ ,
$(e(2)(a_{1(m-1)}a_{2})|\varphi(e))=(3-m)(a_{1(m)}a_{2}|\varphi(e))$ (4.1)




VOA $.V$ $\dot{S}^{6}$. ,
, $\mathrm{A}\mathrm{a}_{\text{ }}$ ,
.
.
$b(b-c)((70c^{2}+\backslash 955_{\mathrm{C}_{\backslash }}.+2388)c-\backslash 2(c^{2}-55c+748)d)=0$ , (4.3)
$arrow\ _{\sim}^{\sim}$ $b=2(e|e)$ $e$ , $e$ ,
$d= \frac{(70c^{2}+955c+2388)c}{2\{\cdot c^{2}-55c+748)}\backslash \cdot$ (4.4)




$d$ $c$ $d$ $c$ $d$
$8$ 156 23 $\frac{1}{2}$ 96256 3.2 139504 54 $\frac{1}{2}$ 9919
16 2296 24 196884 57889 68 8146
20 10310 2.4. $\frac{1}{2}$ 1107449 36 35856 9351 7566
21 $\frac{1}{2}$ 21414 30 $\frac{1}{2}$ 1964871 $4\dot{0}$ 20620 132 8154
22 28639 31 $\frac{1}{2}$ 207144. 44 14994 1496 54836
$(24, 196884)$ , $(23 \frac{1}{2},96256)$
, .ffl 8 $VB^{\mathfrak{h}}$ $(c, d)$
$(8, 156)$ $\sqrt{2}E_{8}$ VOA
$V_{\sqrt{2}E_{8}}^{+}$ $(c, d)$ , $(16, 2296)$ Barnes-Wall $\Lambda_{16}$
VOA $V_{\Lambda_{16}}^{+}$ $(c, d)$




2 $S^{8}$ VOA Griess $B$ , $c=24$
$d=196884$







, Griess $B$ 1/2 $e$
, $e$ VOA $c=1/2$ Virasoro
VOA , $e$
0, 1/2, 1/16 2 , 2 $e$ 1
$\lambda$ $d(\lambda)$
, $d( \frac{1}{16})=0$ VOA $V$ $S^{4}$ ,
$d=d(0)+d( \frac{1}{2})+d(2)$ , R
$\mathrm{T}\mathrm{r}R_{e}=\frac{d(\frac{1}{2})}{2}+2$ , $\mathrm{b}R_{e}^{2}=\frac{d(\frac{1}{2})}{4}+4$ (4.7)
$d( \frac{1}{2})$ , 2 $R_{e}^{2}-\mathrm{R}R_{e}=6$
$(-22+2c)d=(-37-1\mathrm{O}c)$ (4.8)
, $c$ , $d(0)$ $d( \frac{1}{2})$
,
$c$ $d=d(0)+d( \frac{1}{2})+d(2)$ $c$ $d=d(0)+d( \frac{1}{2})+d(2)$
4 $22=$ $14+$ $7+$ 1 9 $\frac{1}{2}$ $418=$ $333+$ $84+$ 1
7 $\frac{1}{2}$ $120=$ $91+$ $28+$ 1 10 $685=$ $551+$ $133+$ 1
8 $156=$ $120+$ $35+$ 1 10 A $1491=1210+280+$ 1
$c=8$ $d=156$ , , $\sqrt{2}E_{8}$
VOA $(c, d)$ ,
$156=120+35+1$ Griess [Gr2] , Griess
, VOA $O_{10}^{+}(2)$
, 1/16 , $V$ $S^{6}$ ,
$(2c^{2}-110c+1496)d=(70c^{2}+955c+2388)c$ (4.9)
, $c$ , $(c, d)$
$c$ $d=$ $d(0)+$ $d( \frac{1}{2})+$ $d( \frac{1}{16})+d(2)$
16 $2296=$ $1116+$ $155+$ $1024+$ 1
20 10310 $=$ $4914+$ $403+$ $4992+$ 1
23 $\frac{1}{2}$ 96256 $=$ $46851+$ $2300+$ $47104+$ 1
24 $196884=$ $96256+$ $4371+$ $96256+$ 1
24 $\frac{1}{2}$ $1107449=$ $543960+22816+540672+$ 1
30 $\frac{1}{2}$ $1964871=1029630+13640+921600+$ 1
31 $\frac{1}{2}$ $207144=$ $109771+$ $1116+$ $96256+$ 1
32 139504 $=$ 74340+ 651+ 64512+ 1
36 35856 $=$ 19951+ 0+ 15904+ 1
117
5
, 24 , ( ) 1
, $\mathrm{S}\mathrm{L}_{2}(\mathbb{Z})$
12
, Frenkel-Zhu , $V$ $n$ $v$
$o(v)=v_{(n-1)}$ : $Varrow V$ (5.1)
, $v$ 1
$Z(v, \tau)=\mathrm{h}Y(v, z)q^{L_{0}-c/24}=q^{-\mathrm{c}/24}\sum_{n=0}^{\infty}(\mathrm{R}|_{V^{n}}o(v))q^{n}$ (5.2)
$q=e^{2\pi\sqrt{-1}\tau}$
VOA $V$ , $V$- $V$ $\# 9\text{ }$
$c=24$ VOA $V$ C2-
, $V$ Virasoro $n$ $u$
, 1 $Z(u, \tau)$ 1 $n$ ,
$\mathrm{F}10$
$n\geq 2$
$\mathrm{f}\mathrm{f}\mathrm{i}11\text{ }$ , $V$
$\mathrm{c}\mathrm{h}V=\sum_{d=0}^{\infty}(\dim V^{n})q^{n}=q(J(q)-744)$ (5.3)
, $d=196884$
, $u$ Virasoro 1
, 1 $\mathcal{M}=\oplus_{n=0}^{\infty}\mathcal{M}_{n}$
, $Z(u, \tau)$ ,
$\partial:\mathcal{M}_{n}arrow \mathcal{M}_{n+2}$ , $f( \tau)\mapsto\frac{1}{2\pi\sqrt{-1}}\frac{d}{d\tau}f(\tau)+nE_{2}(\tau)f(\tau)$ (5.4)
- $\mathrm{f}\mathrm{f}\mathrm{i}12\text{ }$ , 1 12
, 2 11
Virasoro $v$ $Z(v, \tau)=0$ , $B$
$\mathrm{T}\mathrm{r}|_{B}o(v)=0$
VOA $V$ 24 Virasoro , $V$
1
Virasoro $v\in V$ ,
9. , H\"ohn [H\"o]
10. [Z] , $v$ , $v$
1
11. VOA $u(n-1)1=0(n\geq 1)$ $\dim V^{0}=1$ $V^{1}=0$
12. [DM]
118
$\delta(v)$ $\mathrm{U}$ , , $1|_{B}o(v-\delta(v))\ovalbox{\tt\small REJECT} 0$
$\mathrm{T}\mathrm{r}|_{B}o(v)=\mathrm{R}|_{B}o(\delta(v))$ (5.5)
$\delta(v)\in V_{\omega}$ , $B$ Virasoro
, $a\in B$
$a= \frac{2(a|\omega)}{c}\omega+\pi$ , (5.6)
$\pi$ $B=V^{2}$ $\delta(a)=$
$2(a|\omega)\omega/c$ , $o(\omega)=L_{0}$ $B$ 2
$\mathrm{T}\mathrm{r}R_{a}=\frac{2(a|\omega)}{c}\mathrm{R}R_{\omega}=\frac{4d}{c}(a|\omega)$ (5.7)









$\mathrm{T}\mathrm{r}|_{B}[4](3)=6d,$ $\mathrm{n}|_{B}[2,2](3)=8d+c,$ $\mathrm{T}\mathrm{r}|_{B}[3](2)=-4d,$ $\mathrm{n}|_{B}[2](1)=2d$
3
,




ness Conjecture) $\overline{\mathrm{p}--}\mathrm{f}\mathrm{l}4\text{ }$
$13$ . \equiv p- $[n_{1}, \ldots, n_{k}]$ $L_{-n_{1}}\cdots L_{-n_{k}}.1$




, Griess $B$ , $B$
$V^{n}$
$o(a)$ : $V^{n}arrow V^{n}$ (6.1)
$n$






















$= \frac{-2(20c^{2}+40c\dim V^{2}+(3c-198)\dim V^{3})}{c(5c+22)}(a_{1}|a_{2})$
$+ \frac{16(5c+10\dim V^{2}+12\dim V^{3})}{c(5c+22)}(a_{1}|\omega)(a_{2}|\omega)$ ,
(6.9)
$\mathrm{T}\mathrm{r}|_{V^{4}}o(a_{1})o(a_{2})$
$= \frac{-2(55c^{2}+98c\dim V^{2}+60c\dim V^{3}+(4c-352)\dim V^{4})}{c(5c+22)}(a_{1}|a_{2})$
$+ \frac{4(55c+(5c+120)\dim V^{2}+60\dim V^{3}+84\dim V^{4})}{c(5c+22)}(a_{1}|\omega)(a_{2}|\omega)$
, Zhu [Z] Eisenstein
[DM]
, $V^{\mathfrak{h}}$ , 1/2
, $2\mathrm{A}$ McKay-Thompson $T_{2\mathrm{A}}(q)$
Eisenstein




, , Dong-Mason [DM]
, $V\#$ 12
, 1
12 $\Delta(q)$ , 1 15
1 ,
, 12
, Tr $R_{a_{1}}\cdots R_{a_{5}}$
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